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THE COHOMOLOGIES OF THE IWASAWA MANIFOLD AND OF ITS SMALL 

DEFORMATIONS 

DANIELE ANGELLA 

Abstract. We prove that, for some classes of complex nilmanifolds, the Bott-Chern cohomology is com- 
pletely determined by the Lie algebra associated to the nilmanifold with the induced complex structure. 
We use these tools to compute the Bott-Chern and Aeppli cohomologies of the Iwasawa manifold and of its 
small deformations, completing the computations in 26 by M. Schweitzer. 



Introduction 

On compact oriented Riemannian manifolds, Hodge theory allows to compute cohomology solving systems 
of differential equations. For nilmanifolds, namely, compact quotients of connected simply-connected nilpo- 
tent Lie groups by co-compact discrete subgroups, K. Nomizu proved in |211 Theorem 1] that the de Rham 
complex admits a finite-dimensional subcomplex, defined in Lie theoretic terms, as minimal model. Further- 
more, also the Dolbeault cohomology often reduces to the cohomology of the corresponding finite-dimensional 
complex of forms on the Lie algebra: this happens, for example, for holomorphically parallelizable complex 
structures, as proved by Y. Sakane in [251 Theorem 1], or for rational complex structures, as proved by S. 
Console and A. Fino in [6] Theorem 2]; see the surveys [5] and [24] and also [22] for more results in this 
direction. 

Together with the Dolbeault cohomology, the Bott-Chern cohomology provides an important tool to study 
the geometry of complex manifolds: it is the bi-graded algebra defined by 

Tj.,. fv -, kerdnkerd 
h bc\ a ) '■- : — ^ — i 

X being a complex manifold. It turns out that there is a Hodge theory also for the Bott-Chern cohomology 
(see, e.g., [26, §2]) and therefore, if X is compact, then the C-vector space Hg^(X) is finite-dimensional; 
furthermore, if X is a compact Kahler manifold or, more in general, if X is in Fujiki class C, then the 
Dolbeault and Bott-Chern cohomologies coincide and they give a splitting for the de Rham cohomology 
algebra. 

In this paper, we give some tools to compute the Bott-Chern cohomology ring of certain compact complex 
homogeneous manifolds. 

More precisely, let N = T\ G be a nilmanifold endowed with a G-left-invariant complex structure J and 
denote the Lie algebra naturally associated to G by g and its complexification by Qc :— g <E)r C. Dealing 
with G-left-invariant objects on N, we mean objects whose pull-back to G is invariant for the left-action of 
G on itself. For any k £ N and p,? e N, we denote the space of smooth global sections of the bundle of 
real fc-forms (respectively, complex fc-forms, (p, g)-forms) on N by the symbol AN (respectively, A k (N;<C), 
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A p ' q N). For any p,ij e N, the (p,q)-th Bott-Chern cohomology group H^(N) of N is computed as the 
cohomology of the complex 

A P-i, q -i N 9d^ A p, qN A p+9+1 (7V;C) . 
Restricting to G-left-invariant forms A''*N ~ A*'*0£ on N, one has the subcomplex 

A p-l,g-l g * dd_^ Ap , 9fl , A P+ 9 +l fl * 

(1) 

A p-l, q -l N _dd_^ Ap , qN a_ A p+q+l( N . Q 

We prove the following theorem, which extends the results in [35J Theorem 1], [5] Main Theorem], [BJ 
Theorem 1, Theorem 2, Remark 4], 122, Theorem 1.10], see also [5] [24], to the Bott-Chern case. 

Theorem (see Theorem 12.81 and Theorem 12. 9|) . Let N = T\G be a nilmanifold endowed with a G-left- 
invariant complex structure J and denote the Lie algebra naturally associated to G by Q. Then, for every 
p,q 6N, the injective homomorphism in cohomology 



ker(d: A p ' q — > A p+q+1 g^) _ //; ,„ 
m(dd: A**- 1 "?-! fl£ -)• A^«fl£) " ' (; '" 



induced by (flj is an isomorphism, provided one of the following conditions holds: 

• N is holomorphically parallelizable; 

• J is an Abelian complex structure; 

• J is a nilpotent complex structure; 

• J is a rational complex structure; 

• q admits a torus-bundle series compatible with J and with the rational structure induced by T. 

Moreover, the property of i being an isomorphism is open in the space of all G-left-invariant complex struc- 
tures on N . 

Similar results are obtained for a certain class of solvmanifolds. 

Then, we use these tools to explicitly compute the Bott-Chern cohomology for a three-dimensional holo- 
morphically parallelizable nilmanifold, the so called Iwasawa manifold (see, e.g., [32]) and for its small 
deformations. The Iwasawa manifold is one of the simplest example of non-Kahler manifold: indeed, being 
non- formal, see [121 page 158], it admits no Kahler structure; it has been studied by several authors as a 
fruitful source of interesting behaviors: see, for example, [T2l [T^l [Tl [51 121?1 12"] . 

As regards the Dolbeault cohomology, I. Nakamura, in [19], already computed the Hodge numbers for the 
Iwasawa manifold and for its small deformations: he used these computations to prove that the Hodge 
numbers are not invariant under small deformations, |19[ Theorem 2] (compare also |29[ §4]), and that 
small deformations of a holomorphically parallelizable complex structure are not necessarily holomorphically 
parallelizable, [333 page 86] (compare also [33] Theorem 5.1, Corollary 5.2]). The Bott-Chern cohomology 
and its computation for the Iwasawa manifold appeared in the work by M. Schweitzer, see |26i §l.c], while 
the computations of the Bott-Chern cohomology for its small deformations were there announced but never 
written. 

In particular, the computations in §4.31 show that one can use the Bott-Chern cohomology to get a finer 
classification of small deformations of the Iwasawa manifold than using the Dolbeault cohomology as in jTT|l 
page 96]. 
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Institut Fourier, Universite de Grenoble I, for its warm hospitality. Very interesting conversations with 
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motivations for looking at further results on this subject. Many thanks to Sonke are due also for his 
comments and remarks which improved the presentation of this paper. The author is very grateful to the 
anonymous referee for his/her careful reading and for many suggestions and remarks that highly improved 
the presentation of the paper. 

2 



1. The Bott-Chern and Aeppli cohomologies of a complex manifold 

1.1. The Bott-Chern cohomology. Let X be a compact complex manifold of complex dimension n and 
denote its complex structure by J. The Bott-Chern cohomology groups are defined, for p, q £ N, as 

ker(d: A™ X -> A p+q+1 {X; C)) 



H P s q c(X) := r 



mi 



(dd: AP-hi- 1 X ->• A p+1 ' q+1 X) 



Note that, for every the conjugation induces an isomorphism 

unlike in the case of the Dolbeault cohomology groups. 

For every k £ N and for every p,q £ N, one has the natural maps 

H r dc (X) -> C) and -> fff'TO . 

r-\-s—k 

In general, these maps are neither injective nor surjective, see, e.g., the examples in 26, §l.c] or £14.31 if X 
satisfies the <9<9-Lemma (for example, if X admits a Kahler structure or if X is in Fujiki class C), then the 
above maps are isomorphisms, see |1Q[ Remark 5.16]. 

We collect here some results on Hodge theory for the Bott-Chern cohomology, referring to §2] (see 
also |4j §5]). Fix g a J-Hermitian metric on X and define the 4-th order self-adjoint elliptic differential 
operator 

A BC := ddd*d* + d*d*dd + d*dd*d + d*dd*d + d*d + d*d , 
see [M Proposition 5] and also [26l §2.b], [4j §5.1]. Given u £ A p ' q X, one has that 

du = 

A BC u = <^> <9u = 0; 

d*d*u = 

moreover, being Abc a self-adjoint elliptic differential operator, the following result holds, see, e.g., [T5j page 
450]. 

Theorem 1.1 f |261 Theoreme 2.2], [261 Corollaire 2.3]). Let X be a compact complex manifold and denote 
its complex structure by J; fix g a J-Hermitian metric on X . Then there are an orthogonal decomposition 

A'-'X = kcr A BC © imdd © (hn<9* + im5*) 

and an isomorphism 

H's' c (X) ~ kerA BC . 
In particular, its Bott-Chern cohomology groups are finite- dimensional <C-vector spaces. 

1.2. The Aeppli cohomology. Let X be a compact complex manifold of complex dimension n and denote 
its complex structure by J. For p, q £ N, one defines the Aeppli cohomology group H^ q (X) as 



_ n/ ker(<9<9: A p ' q X — > A p ' q+ X) 

I p A ' q (X) := i ; = '- -- 

(im(9: A p -^ q X A p - q X)) + (im(d: A™- 1 X -> A p ' q X)) 



As for the Bott-Chern cohomology, the conjugation induces an isomorphism 

H p A q {X) ~ H q /{X) 

for every p, g 6 N. 

Furthermore, for every k E N and for every one has the natural maps 

tf^(X;C) -»• H r /(X) and fff -> H%«(X) , 

r+s— 

which are, in general, neither injective nor surjective; once again, the maps above are isomorphisms if X 
satisfies the 99-Lemma, [101 Remark 5.16], and hence, in particular, if X admits a Kahler structure or if X 
is in Fujiki class C. 
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Remark 1.2. On a Kahler manifold A, the fundamental 2-form lu associated to the metric defines a non-zero 
class in H% R (X; R). For general Hermitian manifolds, special classes of metrics arc often defined in terms of 
closedness of powers of uj (e.g., a Hermitian metric on a complex manifold of complex dimension n is said 
balanced if dw n_1 = 0, pluriclosed if dduj = 0, astheno- Kahler if dduj n ~ 2 — 0, Gauduchon if dduj"^ 1 = 0), 
so they define classes in the Bott-Chern or Aeppli cohomology groups. It would be interesting to see if these 
classes can play a role similar to the one played by the Kahler class in some contexts. 

We refer to [26l §2.c] for the results that follows (for a hypercohomology interpretation of the Bott-Chern 
and Aeppli cohomologies and its applications, see [HI §VI.12.1], [26j §4], pTl §3.2, §3.5]). 
Fixed a J-Hermitian metric g on X and defined the 4-th order self-adjoint elliptic differential operator 

A A ■= dd* + W* + d*d*dd + dW*d* + dd*dd* + dd*dd* , 

one has an orthogonal decomposition 

A*''X = keiA A 8 (find + imd) © im(dd)* 

from which one gets an isomorphism 

H'x'(X) ~ kerA A ; 

this proves that the Aeppli cohomology groups of a compact complex manifold are finite-dimensional C- vector 
spaces. 

In fact, for any p, q G N, one has that the Hodge-*-operator associated to a J-Hermitian metric induces 
an isomorphism 

H^ c (X)cHr q ' n - p (X) 
between the Bott-Chern and the Aeppli cohomologies. 

2. Some results on cohomology computation 

In this section, we collect some results about cohomology computation for nilmanifolds and solvmanifolds. 
Using these tools, one recovers the de Rham, Dolbeault, Bott-Chern and Aeppli cohomologies for the Iwasawa 
manifold and for its small deformations, see S I4.11 34.21 and 34.31 

Let X = r\ G be a solvmanifold, that is, a compact quotient of the connected simply-connected solvable 
Lie group G by a discrete and co-compact subgroup T; the Lie algebra naturally associated to G will be 
denoted by q and its complexification by qc := Q <8>r C. Dealing with G-left-invariant objects on X, we 
mean objects on X obtained by objects on G that are invariant under the action of G on itself given by 
left-translation. 

A G-left-invariant complex structure J on X is uniquely determined by a linear complex structure J on 
g satisfying the integrability condition 

Vz, yeg, mjj(x,y) := [x, y] + J[Jx, y] + J[x, Jy] - [Jx, Jy] = 0, 

see [20j Theorem 1.1]. Therefore, the set of G-left-invariant complex structures on X is given by 

C (q) :— { J G End (fl) : J 2 = - id B and Nij j = 0} . 

Recall that the exterior differential d on X can be written using only the action of T(X; TX) on C co (X) 
and the Lie bracket on the Lie algebra of vector fields on X. One has that the complex (A'g*, d) is iso- 
morphic, as a differential complex, to the differential subcomplex (A* nv X, d[A* x) of (A'X, d) given by the 
G-left-invariant forms on X. 

If a G-left-invariant complex structure on X is given, then one has also the double complex [A*''q^, d, d), 
which is isomorphic, as a double complex, to the double subcomplex (a'^X, d\_ A »,' X , c?|_a.*'*xJ °f (a*'*^, d, d) 
given by the G-left-invariant forms on X . 
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Lastly, given a G-left-invariant complex structure on G and fixed p, q G N, one has also the following com- 
plexes and the following maps of complexes: 

A p-i,g--i fl * dd_^_ A p, q& ^ A p+<?+1 g* 



(2) A^'^^A^ iAf+« +1 (X;C) ! 

P P P 

2 2 2 

A P-1, 9 -1 X _9d_^ d_ AP+q+1 q 

the same can be repeated for the complex used to define the {p, q)-t\i Aeppli cohomology group. 

For * <= {9, d, BC, A] and K £ {E, C}, we will write H* R (g; K) and if*'* (gc) to denote the cohomology 
groups of the corresponding complexes of forms on g, equivalently, of G-left-invariant forms on A. The rest 
of this section is devoted to the problem whether these cohomologies are isomorphic to the corresponding 
cohomologies on A. 

2.1. Classical results on computation for the de Rham and Dolbeault cohomologies. One has the 

following theorem by K. Nomizu, saying that the de Rham cohomology of a nilmanifold can be computed as 
the cohomology of the subcomplex of left-invariant forms. 

Theorem 2.1 ( |21l Theorem 1]). Let N = T\G be a nilmanifold and denote the Lie algebra naturally 
associated to G by g. The complex (A"g*, d) is a minimal model for N . In particular, the map of complexes 
(A*g*, d) — > (A'N, d) is a quasi-isomorphism, that is, it induces an isomorphism in cohomology: 

i: H m dR (g;R) ^ H' dR (N;R) . 

The proof rests on an inductive argument, which can be performed since every nilmanifold can be seen as a 
principal torus-bundle over a lower dimensional nilmanifold. 

A similar result holds also in the case of completely-solvable solvmanifolds and has been proved by A. Hattori 
in [13l Corollary 4.2], as a consequence of the Mostow Structure Theorem (see also [27l Chapter 3]). We 
recall that a solvmanifold X = Y\ G is said completely- solvable if, for any g 6 G, all the eigenvalues of Ad g 
are real, equivalently, if, for any X S g, all the eigenvalues of ad A are real. 

Theorem 2.2 ( [131 Corollary 4.2]). Let X = T\G be a completely-solvable solvmanifold and denote the 
Lie algebra naturally associated to G by g. Then the map of complexes (A'g*, d) — > (A* A, d) is a quasi- 
isomorphism, that is, it induces an isomorphism in cohomology: 

i: H' dR ( 8 ;R) ^ H' dR (X;R) . 

In general, for non-completely-solvable solvmanifolds the map of complexes (A'g*, d) — > (A* A, d) is not 
necessarily a quasi-isomorphism, as the example in [9j Corollary 4.2, Remark 4.3] shows (for some results 
about the de Rham cohomology of solvmanifolds, see [7]). 

Considering nilmanifolds endowed with certain G-left-invariant complex structures, there are similar re- 
sults also for the Dolbeault cohomology, see, e.g., [5] and [24] for surveys on the known results. (Some results 
about the Dolbeault cohomology of solvmanifolds have been recently proved by H. Kasuya, see [Hj.) 

Theorem 2.3 ([23 Theorem 1], [8j Main Theorem], Theorem 2, Remark 4], [22l Theorem 1.10]). Let 
N = r\ G be a nilmanifold and denote the Lie algebra naturally associated to G by g. Let J be a G-left- 
invariant complex structure on N . Then, for every p £ N, the map of complexes 

(3) (A^Qh d) ^ (A^A, 8) 
is a quasi-isomorphism, hence 

i:flJ'(flc)-^i£'(J\0, 

provided one of the following conditions holds: 

• N is holomorphically parallelizable, see |25l Theorem 1]; 
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• J is an Abclian complex structure (i.e., [Jx, Jy] = [x, y] for any x,y € q), see 6, Remark 4]; 

• J is a nilpotent complex structure (i.e., there is a G -left-invariant co-frame {w 1 , • • • , w 11 } for 
(T^' N) with respect to which the structure equations of N are of the form 

h<k<j h,k<j 

with { Ai k , B J hk \ C C), see [8, Main Theorem]; 

I J j,h,k 

• J is a rational complex structure (i.e., J (jjq) C qq where qq is the rational structure for g — that 
is, a Q-vector space such that g — gQ <8>q K — induced by T), see [SJ Theorem 2]; 

• g admits a torus-bundle series compatible with J and with the rational structure induced by T, see 
[22j Theorem 1.10]. 

We recall also the following theorem by S. Console and A. Fino. 

Theorem 2.4 (j^l Theorem 1]). Let N = T\G be a nilmanifold and denote the Lie algebra naturally 
associated to G by g. Given any G -left-invariant complex structure J on N, the map of complexes ([3)) 
induces an infective homomorphism i in cohomology, [51 Lemma 9]): 

LetlA C C(g) be the subset containing the G -left- invariant complex structures J on N such that the inclusion 
i is an isomorphism: 

U := {jGC(g) : t: H% m ( 0C ) 4 H'/{N)) C C (g) . 

Then IA is an open set in C (g). 

The strategy of the proof consists in proving that the dimension of the orthogonal of H^' m (gc) in H^''(N) 
with respect to a given J-Hermitian G-left-invariant metric on N is an upper-semi-continuous function in 
J G C (g) and thus if it is zero for a given J € C (g), then it remains equal to zero in an open neighborhood 
of J in C (g). 

We will use the same argument in proving Theorem [231 which is a slight modification of the previous result 
in the case of the Bott-Chern cohomology. 

The aforementioned results suggest the following conjecture. 

Conjecture 2.5 ( 24, Conjecture 1]; see also [SI page 5406], [5J page 112]). Let N = T\G be a nilmanifold 
endowed with a G-left-invariant complex structure J and denote the Lie algebra naturally associated to G 
by q. Then the maps of complexes §3§ are quasi-isomorphisms, that is, they induce an isomorphism in 
cohomology: 

Note that, since i is always injective by [BJ Lemma 9], this is equivalent to ask that 

dimc(z£' (gc)) i = 0, 

where the orthogonality is meant with respect to the scalar product induced by a given J-Hermitian G-left- 
invariant metric g on N. 

2.2. Some results on computation for the Bott-Chern cohomology. We prove here some results 
about Bott-Chern cohomology computation for nilmanifolds and solvmanifolds. 

The first result is a slight modification of j6[ Lemma 9] proved by S. Console and A. Fino for the Dolbeault 
cohomology: we repeat here their argument in the case of the Bott-Chern cohomology. 

Lemma 2.6. Let X = T\G be a solvmanifold endowed with a G-left-invariant complex structure J and 
denote the Lie algebra naturally associated to G by g. The map of complexes ^ induces an injective 
homomorphism between cohomology groups 

i:Hy c (g c )^H^ c (X). 
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Proof. Fix p,g 6 M. Let g be a J-Hcrmitian G-left-invariant metric on X and consider the induced scalar 
product (-| •) on /\ m,m X. Hence both d, d and their adjoints d* , d preserve the G-left-invariant forms on X 
and therefore also Abc does. In such a way, we get a Hodge decomposition also at the level of G-left-invariant 
forms: 

A p ' 9 0c = ker A B c[a,p.i s * © imdd[ AP -i, q -i s * 



fimd*|_ A p+i.<i 8 » + im<9*L 



Now, take [lu] S i?^c (flc) sucn that i [w] = in H R ^(X), that is, a; is a G-left-invariant (p, g)-form on X 
and there exists a (possibly non-G-left-invariant) (p — l,q — l)-form r\ on X such that w = dd 77. Up to 
zero terms in .fffjc (flc)j we may assume that 77 G {i (^ p ' 9 Qc)) £ A P ' 9 X. Therefore, since 9 d*ddn is a 
G-left-invariant form (being 99?/ a G-left-invariant form), we have that 

= (d*d*ddn n) = \\ddr)\\ 2 = |M| 2 



^."'^ -> H™ C {X) -> ^+«(X; C) 



and therefore w = 0. □ 

The second general result says that, if the Dolbeault and de Rham cohomologies of a solvmanifold are 
computed using just left-invariant forms, then also the Bott-Chern cohomology is computed using just left- 
invariant forms. The idea of the proof is inspired by [26[ §l.c], where a similar argument is used to explicitly 
compute the Bott-Chern cohomology in the special case of the Iwasawa manifold. 

Theorem 2.7. Let X — T\G be a solvmanifold endowed with a G-left-invariant complex structure J and 
denote the Lie algebra naturally associated to G by q. Suppose that 

1 : H' r (q; C) 4 H' dR (X; C) and 1 : H'/ ( 0C ) 4 H'/ (X) . 

Then also 

i:H^ c ( Qc )^H^ c (X). 

Proof. Fix p, q S N. We prove the theorem as a consequence of the following steps. 

Step 1. We may reduce to study if lradn/ ^ qx can be computed using just G-left-invariant forms. 

Indeed, we have the exact sequence 

imdnA M l 
im dd 

and, by hypothesis, H' R (X; C) can be computed using just G-left-invariant forms. 

Step 2. Under the hypothesis that the Dolbeault cohomology is computed using just G-left-invariant forms, 
if ip is a G-left-invariant d-closed form then every solution <f> of d<p = ip is G-left-invariant up to d-exact 
terms. 

Indeed, since [ip] = in H^'°(X), there is a G-left-invariant form a such that ip — da. Hence, <j> — a defines 

a class in H^'*(X) and hence <p — a is G-left-invariant up to a 9-exact form, and so (f) is. 

Step 3. Under the hypothesis that the Dolbeault cohomology is computed using just G-left-invariant forms, 
the 

space i°"|nA»x mn 

be computed using just G-left-invariant forms. 

Consider 

(4) = an mod imoo € = . 

im9<9 

Decomposing rj =: ^ p n p ' q in pure-type components, the equality Q is equivalent to the system 

dr)P+q -i,o _ q mod im QQ 

g 7] P+q-£,£-i + dr] p+ q -e-i,t = o mod [md Q for £s{l,...,q-l} 

drf,i-i + drf- 1 ^ = u) p ' q mod imdd 

Qjfv+q-l-i + dr] t-i,p+q-i = o mod imd Q for £e{l,...,p-l} 

Q n o,p+g-i — mod imdd 



Applying several times Step 2, we may suppose that, for I 6 {0, . . . , p — 1}, the forms r] e - p+q ~ e ~ 1 are G-left- 
invariant: indeed, they are G-left-invariant up to 9-exact terms, but <9-exact terms give no contribution in 
the system, since it is modulo imdd. Analogously, using the conjugate version of Step 2, we may suppose 
that, for £ £ {0, . . . ,q — 1}, the forms ^p+^-^-M are G-left-invariant. Then we may suppose that lu p ' q = 
drf'i- 1 + drf- 1 ' 9 is G-left-invariant. □ 

As a corollary of Theorem 12. 11 Theorem 12.31 and Theorem 12.71 we get the following result. 

Theorem 2.8. Let N — T\G be a nilmanifold endowed with a G-left-invariant complex structure J and 
denote the Lie algebra naturally associated to G by q. Suppose that one of the following conditions holds: 

• N is holomorphically parallelizable; 

• J is an Abelian complex structure; 

• J is a nilpotent complex structure; 

• J is a rational complex structure; 

• q admits a torus-bundle series compatible with J and with the rational structure induced by T. 

Then the de Rham, Dolbeault, Bott-Chern and Aeppli cohomologies can be computed as the cohomologies 
of the corresponding subcomplexes given by the space of G-left-invariant forms on N ; in other words, the 
inclusions of the several subcomplexes of G-left-invariant forms on N into the corresponding complexes of 
forms on N are quasi-isomorphisms: 

i: H' dR (g;R) 4 H' dR (N;R) and i : ( 0C ) 4 (N) , 

for*e {d, d, BC, A}. 

A slight modification of [SJ Theorem 1] by S. Console and A. Fino gives the following result, which says 
that the property of computing the Bott-Chern cohomology using just left-invariant forms is open in the 
space of left-invariant complex structures on solvmanifolds. 

Theorem 2.9. Let X = T\G be a solvmanifold endowed with a G-left-invariant complex structure J and 
denote the Lie algebra naturally associated to G by q. Let * £ {d, d, BC, A}. Suppose that 

i: h:<;( 0c ) 4 h: : ;(x) . 

Then there exists an open neighbourhood U of J in C (g) such that any J €14 still satisfies 

r- H" \* i 4 H: : '(X) . 

In other words, the set 

U := [j eC(g) : t:£r;/(flc) 4 

is open in C (g). 

Proof. As a matter of notation, for e > small enough, we consider 

{(X, J t ) : te A(0,e)}-» A(0,e) 

a complex-analytic family of G-left-invariant complex structures on X, where A(0,e) := {t e C m : \t\ < e} 
for some m £ N \ {0}; moreover, let {5t} te A(0e) ^ e a f amu y 01 Jt-Hermitian G-left-invariant metrics on 
X depending smoothly on t. We will denote by dt := dj t and d t := — * 9t dj t * gt the delbar operator and 
its <7t-adjoint respectively for the Hermitian structure (Jt, gt) and we set A t := A +J one of the differential 
operators involved in the definition of the Dolbeault, conjugate Dolbeault, Bott-Chern or Aeppli cohomologies 
with respect to ( Jt, gt)', we remark that A t is a self-adjoint elliptic differential operator for all the considered 
cohomologies. 

By hypothesis, we have that [Ht'' (flc)) = {0}, where the orthogonality is meant with respect to the 
scalar product induced by go, and we have to prove the same replacing with t G A(0, e). Therefore, it will 
suffice to prove that 

A(0,e) 9 t h> dime (h'>' ( 0c )) e N 
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is an upper-semi-continuous function at 0. 

For any t G A(0,£), being At a self-adjoint elliptic differential operator, there exists a complete orthonormal 
basis {ej(t)}j e j of eigenforms for A t spanning (A*'*0£) , the orthogonal complement of the space of G-left- 
invariant forms, see |16[ Theorem 1]. For any i G I and t € A(0,e), let a,i(t) be the eigenvalue corresponding 
to ei(t); A t depending differentiably on t G A(0,e), for any i G /, the function A(0,e) 3 ! 4 a.;(t) G C 
is continuous, see [TH Theorem 2]. Therefore, for any to G A(0,e), choosing a constant c > such that 
c ^ {cii(to) : i G I}, the function 

A(0,e) -> N , 1 1->- dim span {e^t) : a, (i) < c} 

is locally constant at to; moreover, for any t G A(0, e) and for any c > 0, we have 

* c (f) > dime (HI* (bc)) 1 " • 

Since the spectrum of A to has no accumulation point for any to G A(0,e), see [161 Theorem 1], the theorem 
follows choosing c > small enough so that ^ c (0) = dime {H*'* (fie)) • D 



In particular, Theorem 12.81 and Theorem l2.9l sav that the following conjecture, which generalizes Conjec- 
ture [531 holds for certain left-invariant complex structures on nilmanifolds. 

Conjecture 2.10. Let N — T\G be a nilmanifold endowed with a G -left- invariant complex structure J and 
denote the Lie algebra naturally associated to G by q. Then the de Rham, Dolbeault, Bott-Chern and Aeppli 
cohomologies can be computed as the cohomologies of the corresponding subcomplexes given by the space of 
G -left-invariant forms on N , that is, 

dim R (^( ;K)) ± = and dime (flc))^ = 0, 

where * G {d, d, BC, A} and the orthogonality is meant with respect to the scalar product induced by a given 
J-Hermitian G -left-invariant metric g on N . 

3. The Iwasawa manifold and its small deformations 
3.1. The Iwasawa manifold. Let H(3; C) be the 3-dimensional Heisenberg group over C defined by 

1 ,2 3 




H(3;C):=<M 1 z 2 G GL(3;C) : z , z , z G 



where the product is the one induced by matrix multiplication. It is straightforward to prove that H(3; C) is 
a connected simply-connected complex 2-step nilpotent Lie group, that is, the Lie algebra (f)3, [•,•]) naturally 
associated to H(3; C) satisfies [fo, §3] 7^ and [f)3, [I33, ^3]] = 0. 
One finds that 





:= dz 1 




:= dz 2 




:= dz 3 



is a H(3; (C)-left-invariant co-frame for the space of (l,0)-forms on H(3;C) and that the structure equations 
with respect to this co-frame are 

( dip 1 = 
dip 2 = 



. d(p 3 = -tp 1 A ip 2 



For the sake of completeness, we write also 

dip 1 = 



dtp 2 — and 
dip 3 = —ip 1 A ip 2 




Consider the action on the left of H (3; Z [i]) := H(3; C) n GL (3; Z [i]) on H (3; C) and take the compact 
quotient 

I 3 := H(3;Z[i])\H(3;C) . 

One gets that I3 is a 3-dimensional complex nilmanifold, whose (H(3; C)-left-invariant) complex structure 
Jo is the one inherited by the standard complex structure on C 3 ; I3 is called the Iwasawa manifold. 
Since the forms if 1 , ip 2 and <f 3 are H(3; C)-left-invariant, they define a co-frame also for (T 1 ' ^) . Note that 
I3 is a holomorphically parallelizable manifold, that is, its holomorphic tangent bundle is holomorphically 
trivial. 

Since, for example, if 3 is a non-closed holomorphic form, it follows that I3 admits no Kahler metric. In 
fact, one can show that I3 is not formal, see Q~2] page 158], therefore the underlying smooth manifold of I3 
has no complex structure admitting Kahler metrics, even though all the topological obstructions concerning 
the Betti numbers are satisfied. 

We sketch in Figure Q] the structure of the finite-dimensional double complex (A*'* (f)3 ®r C)* , d, d): 
horizontal arrows are meant as d, vertical ones as d and zero arrows are not depicted. 



Figure 1. The double complex (a*'* (rj 3 ®iC)*, d, d). 



3.2. Small deformations of the Iwasawa manifold. I. Nakamura classified in p~9l §2] the three-dimensional 
holomorphically parallelizable solvmanifolds into four classes by numerical invariants, giving I3 as an exam- 
ple in the second class. Moreover, he explicitly constructed the Kuranishi family of deformations of I3, 
showing that it is smooth, [19l pages 94-95], compare also [23l Corollary 4.9]; in particular, he computed 
the Hodge numbers of the small deformations of I3 proving that they have not to remain invariant along a 
complex-analytic family of complex structures, |19| Theorem 2], compare also |29( §4]; moreover, he proved 
in this way that the property of being holomorphically parallelizable is not stable under small deformations, 
p~9l page 86], compare also [23j Theorem 5.1, Corollary 5.2]. I. Nakamura divided the small deformations of 
I3 into three classes according to their Hodge diamond, see [19} page 96] (see also [28l §17]). 

Theorem 3.1 ( [191 pages 94-96]). There exists a locally complete complex- analytic family of complex struc- 
tures {Xt = (I3, Jt)} t gA(Oe)> deformations 0/I3, depending on six parameters 

t = (til, tl2, *21, *22, t 3 l, tffij) 6 A(0,e) c C 6 , 
10 



where e > is small enough, A(0,e) := {s £ C 6 : |s| < e} and Xq = I3. 
A set of holomorphic coordinates for Xt is given by 



c 1 


:= CHt) 




c 2 


:= C 2 (t) 


'■= Z 2 + 5Zfe=l *2fc Z k 


c 3 


:= C 3 (t) 


■■= z 3 + ELi (*3* + h k z 1 ) z k +A (z\ z 2 ) - D (t) z 3 



where 



and 



D (t) := dct 



til t\2 
t 2 \ t 22 



A(z\ z 2 ) := i ^11 t 2X (z 1 ) 2 + 2 t u t 22 z 1 z 2 + t 12 t 22 (^ 2 ) 2 ) . 
For every t £ A(0,e), the universal covering of Xt is C 3 ; more precisely, 

x t = r t \c 3 , 

where Tt is the subgroup generated by the transformations 

(c\c 2 ,c 3 ) K ^ 3) (c 1 , c 2 , c 3 ) , 

varying (w 1 , ui 2 , oj 3 ) £ (Z[i]) 3 , where 

( C 1 := C 1 + +*n^ 1 +ti2^ 2 ) 
C 2 := C 2 + [u^ 2 +t 21 Cj 1 +t 22 ij 2 ) 

C 3 := C 3 + (w 3 + t 3 i + t 32 w 2 ) + C 2 

+ (t ai Oj 1 + t 22 w 2 ) (C 1 + uj 1 ) + A (lu\ Co 2 ) - D (t) a) 3 

Bott-Chern cohomology distinguishes a finer classification of small deformations of I3 than Nakamura's 
classification into three classes, see the classes and subclasses of this classification are characterized by 
the following values of the parameters: 



class (i): t\ 



0; 



class (ii): D (t) = and (t u , t 12 , t 21 , t 22 ) ^ (0, 0, 0, 0): 
subclass (ii.a): D (t) = and rk5 = 1; 
subclass (ii.b): D (t) = and rkS* = 2; 

class (Hi): D (t) ^ 0: 

subclass (Hi. a): D (t) 7^ and rkS* = 1; 
subclass (iii.b): D (t) ^ and rk5 = 2; 



the matrix 5 is defined by 

£ ._ f ^TT ^22" 0T5 

V °1I CT 22 °21 "IS 

where cr^, c^, ^Ij °22 S C and CT12 £ C are complex numbers depending only on t such that 
d <£t =: CT12 (fil A(fil+ an y\/\tp\+ a 12 <p\ A (pi + a 2i <p\ A Cp\ + a 22 ip\ A (p\ , 



being 



dCt 1 



d C t 2 , ■= d Ct 3 - *x d C t 2 - (t 2 i + t 22 ^ 2 ) d Ct 1 , 



sec 



The first order asymptotic behaviour of <r\2 1 <Jii, <7i2, <7 2 i, cr 2 i for t near is the following: 

f <T12 = -l+0(|t|) 



(Th = *ai + o(|t|) 

(5) ^ °l2 = *22+o(|t|) for 

(T 2I = -<n+o(|t|) 
022 = — *12 + O (|t[) 

and, more precisely, for deformations in class (ii) we actually have that 

<?12 = -1 + (|t|) 



t 6 classes (i), (ii) and (Hi) , 



(0) 



CT 12 
< 7 22 



= hi (l + o(l)) 

= t 2 2 (1+0(1)) 

= -in (l + o(l)) 

= -tl2 (l + o(l)) 



for t e class (ii) 



The complex manifold Xt is endowed with the Jt-Hcrmitian H(3; C)-left-invariant metric gt, which is 
defined as follows: 

3 

9t ■= ^2<pi&fii . 

3=1 

3.3. Computation of the structure equations for small deformations of the Iwasawa manifold. 

In this section, we give the structure equations for the small deformations of the Iwasawa manifold; we will 
use these computations in S14.2I and M4.31 
Consider 

dCt 1 



V+ 



dCt 2 



„3 



ifl := d C t 3 - z x d C t 2 - (fci z 1 + t 22 z 2 ) d Ct 1 
as a co-frame of (l,0)-forms on Xt- We want to write the structure equations for Xt with respect to this 
co- frame. 

For the complex structures in the class (i), one checks that the structure equations are the same as the ones 
for I3, that is 

d^t 1 = 



d^t 2 = 



for t G class (i) 



d^t 3 = ^{^t 2 
For small deformations in classes (ii) and (Hi), we have that 

r d^ 1 = 



dv?t 2 
d^ t 3 



= 



0-12 <Pt A <Pt 



for t g classes (ii) and (Hi) , 



+CT11 tp\ A (fl + CT12 A 

+(T 2I A $ + <7 2 2 $ A 



where CT12, (Tij, er^, cr 2 i, cr 2 2 £ C are complex numbers depending only on t; their explicit values in the case 
of class (ii) have been written down by the author and A. Tomassini in [3J page 416] and in the case of class 
(Hi) are a bit more involved; here, we need just the first order asymptotic behavior for t near given in ([5]) 
and ©. 
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4. The cohomologies of the Iwasawa manifold and of its small deformations 



4.1. The de Rham cohomology of the Iwasawa manifold and of its small deformations. By a result 
by C. Ehresmann, every complex- analytic family of compact complex manifolds is trivial as a differentiable 
family of compact differentiable manifolds, see, e.g., [TBI Theorem 4.1]. Therefore the de Rham cohomology 
of small deformations of the Iwasawa manifold is the same as the de Rham cohomology of I3 , which one can 
compute with the aid of Nomizu's theorem, [2TJ Theorem 1] . 

In the table below, we list the harmonic representatives with respect to the metric go instead of their classes 
and we shorten the notation (as we will do also in the following) writing, for example, ip AB := ip A A (p B . 



H dR 


fla;C) 


go-harmonic representatives 


dimension 


k 


= 1 


lf\ (ff, <p L , Z 


4 


ft 


= 2 


^, <p* <p 2 \ ^ 2 V 5 , V** 


8 


k 


= 3 


<p 123 , / 3I , <p 132 , <p 231 , cp 232 , ^ 1I3 , p™, <p 2r \ cp 22 \ tp m 


10 


k 


= 4 


^123^ ^1232^ ^ISB ^1323 ; ^2323^ ^HH ^2123 


8 


ft 


= 5 


^,12313 (^12323 ^13123 ^,23123 


4 



Note that all the go-harmonic representatives of iJ* H (l3;R) are of pure type with respect to Jo, that is, 
they are in (A p '% ffi A q ' p l 3 ) n A p+ % for some p,q e {0, 1, 2, 3}. This holds no more true for J t with t / 
small enough, see [SJ Theorem 5.1]. 

4.2. The Dolbeault cohomology of the Iwasawa manifold and of its small deformations. The 

Hodge numbers of the Iwasawa manifold and of its small deformations have been computed by I. Nakamura 
in [191 page 96]. The gt-harmonic representatives for H^'' (Xt), for t small enough, can be computed using 
the considerations in i l2.ll and the structure equations given in Wd.'S\ We collect here the results of the 
computations. 

In order to reduce the number of cases under consideration, note that, on a compact complex Hermitian 
manifold X of complex dimension n, for any p, q G N, the Hodge- ^-operator induces an isomorphism between 



H%- q ' n - p (X) 



H. 



n—p,n — q 



(X). 



As regards 1-forms, we have that 



dim c i?i' (X t ) = 



for t G class (i) 

for t 6 classes (ii) and (Hi) 



which in particular means that Xt is not holomorphically parallelizable for t in classes (ii) and (Hi), see |19l 
pages 86, 96], and that 



dim c /f^(X t ) = 2 
As regards 2-forms, we have that 



dim c tf§'°(X t ) 



and 



and 



dimcfli' 1 ^*) 



dim c H°' 2 {X t ) = 2 
Finally, as regards 3-forms, we have that 



dim c H^°(Xt) = 1 



for t G classes (i), (ii) and (Hi) . 

for t G class (i) 
for t G class (ii) 
for t G class (Hi) 

for t G class (i) 

for t G classes (ii) and (Hi) 

for t G classes (i), (ii) and (Hi) . 
for t G classes (i), (ii) and (Hi) 
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and 



dim c (X t 



6 for t £ class (i) 
5 for t € class (ii) 
4 for t £ class (Hi) 



4.3. The Bott-Chern and Aeppli cohomologies of the Iwasawa manifold and of its small de- 
formations. In this section, using the results of Theorem 12.81 and Theorem 12.91 we explicitly compute the 
dimensions and we compute the gt-harmonic representatives for Hgg(Xt), for t small enough. 
In order to reduce the number of cases under consideration, note that, on a compact complex Hcrmitian 
manifold X of complex dimension n, for every p, q € N, the conjugation induces an isomorphism between 



H P B q c(X) 



H q B W 



and the Hodge-*-operator induces an isomorphism between 



H n A - q ' n - p {X) 



furthermore, note that 



and 



H p f c (X) ~ ker(d: A p <° X -» A P+1 (X; Q) 



H n / c {X) 



H£°(X) 



We summarize the results of the computations below in the following theorem. 
Theorem 4.1. Let I3 be the Iwasawa manifold and consider its small deformations {Xt — (I3, </t)} te A(o e) 



where e > is small enough and Xq = I3. Then the dimensions h p ^ c := h^Q (Xt) :— dimcHnc (Xt) = 
dime H^~ p ' 3 ~ q (Xt) does not depend on t G A(0, e) if p + q is odd or (p, q) € {(1, 1), (3, 1), (1, 3)} and they 
are equal to 



1,0 

l BC 

l BC 
3,0 

l BC 
3,1 

l BC 

3,2 
l BC 



= h 



• 0,1 
l BC 

.0,2 
L BC 
.0,3 

'bc 

,1,3 
BC 
2,3 
BC 



{1,2, 3} 
1 , 
2, 
3 . 



"BC 



1.1 
BC 
1.2 
BC 
2.2 
BC 



{6. 



4, 
6, 
7, S 



Remark 4.2. As a consequence of the computations below, we notice that the Bott-Chern cohomology 
allows to give a finer classification of the small deformations of I3 than the Dolbeault cohomology: indeed, 
note that dime Hg C (Xt ) assumes different values according to different parameters in the same class (ii) or 
(Hi); in a sense, this says that the Bott-Chern cohomology "carries more informations" about the complex 
structure that the Dolbeault one. Note also that most of the dimensions of Bott-Chern cohomology groups 
are invariant under small deformations: this happens for example for the odd-degree Bott-Chern cohomology 
groups. 



1- forms. It is straightforward to check that 

Hg C (Xt) = C(ifl, (pi) for t 6 classes (i), (ii) and (Hi) . 

2- forms. It is straightforward to compute 

HH(X t ) = C(^ t 12 , ^ t 13 , ^ 3 ) for t e class (%) . 

The computations for H B , c (Xt) reduce to find ip — A-Lp\ 2 + B (pi 3 + C ip 23 where A, B, C £ C satisfy the 
linear system 

\ / A \ / 
-CM on • [ B = 

-<7 2 2 <?12 J \C J V 
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whose matrix has rank for t G class (i), rank 1 for t G class (ii) and rank 2 for t G class (Hi); so, in 
particular, we get that 

dimc-ffs'c(^t) = 2 for te class fnj 

and 

dime Hgc(X t ) = 1 for te class (Hi) 
(more precisely, for t G class (Hi) we have H^ c (X t ) = C (</^ 2 )). 

It remains to compute H^ c (X t ) for t G classes (i), (ii) and (Hi). First of all, it is easy to check that 
Hgc(X t ) D C^tpl*, ip\ 2 , (f 21 , f 22 ^ f° r t G classes (%), fnj and (Hi) , 

and equality holds if t G class (%), hence, in particular, if t = 0: this immediately implies that 
Hgc(X t ) = C(tp\ l , tfil 2 , ip 21 , <fl 2 ) for t G classes (i), (ii) and (Hi) : 



indeed, being H l ^,{Xt) isomorphic to the kernel of the self-adjoint elliptic differential operator ABc.j t , 
the function t M> dime H^ c (X t ) is upper-semi-continuous at 0. (One can explain this argument saying 
that the new parts appearing in the computations for t / are "too small" to balance out the lack for 
the d-closure or the enclosure.) From another point of view, we can note that (l,l)-forms of the type 
V> = A (pi 3 + Bp 23 + C p 31 + Dip 32 are &BC., t -harmonic if and only if A, B, C, D G C satisfy the linear 
system 



/ 


— 012 






— 012 


-012 

-022 


-011 
-021 


\ 


B 




(°\ 




V 


012 
022 


-0I1 
-02T 


012 





012 


) 


C 
\D J 






w 



whose matrix has rank 4 for every t G classes (i), (ii) and (Hi). 

3-forms. Since the special form of the structure equations, it is straightforward to compute 
H%c(X t ) = C(pl 23 ) for t G classes (i), (ii) and (Hi) . 

Moreover, 



rr2,l , y > r / 121 ,122 131 022 123 132 21 123 231 , CT 12 123 

h bc\ x V = ^{ft >ft > ft -=<Pt ift +=Vt > + = <y 5 t . 

012 012 012 



232 _ ^ ^123 
012 



for t G classes (i), (ii) and (Hi) ; 



in particular, 



fr2,l/y \ ,p / 121 122 131 132 ,231 ,„232 \ 

H BC\ X t) = ^\ft 'ft , ft i ft ift . ft / 



for t G class . 



From another point of view, one can easily check that 

Hgc(Xt) 2 c(^pl 2 ^, p^ 22 ^ f° r * € classes (%), fiij and (mj 

and that the (2, l)-forms of the type ip = A pi 23 + B pi 31 + C pi 32 + D p 231 + E p\ 32 are A BC ., t -harmonic 
if and only if A, B, C, D, E G C satisfy the equation 

( A \ 
B 

C = , 
D 

\ E ) 

whose matrix has rank 1 for every t G classes (i), (ii) and (Hi). Note in particular that the dimensions of 



( 012 2 2 - 021 012 0ii ) 



Hg C (Xt) and of Hg^(X t ) do not depend on t. 
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4-forms. It is straightforward to compute 

H^c{X t ) = C^ t 1231 , <^ t 1232 ) for t G classes (%), (ii) and fmj 

and 

rr2,2/ v x ,0/ 1213 ,„1223 ,„1312 ,„1313 ,„1323 ,„2312 



p23H ^2323^ for t G dass ^ 



°22 — °"l2 — °21 "II 
°22 — °2l — CT 12 CT 11 



Moreover, one can check that 

H 2 Bc(X t ) D C(<pl 2is , tp\ m , <pl 3U , ip 2 t m ) for t G classes (%), («; and (Hi) . 

For Hg C (Xt) with t G class fuj and (Hi), we get a new behavior: there are subclasses in both class (ii) 
and class (Hi), which can be distinguished by the dimension of Hg C (Xt). Indeed, consider (2,2)-forms of 
the type ip = A ip\ 313 + B (fil 323 + C ip 2313 + D (fil 323 ; a straightforward computation shows that such a tp is 
A_bc,7 -harmonic if and only if A, B, C, D G C satisfy the linear system 

( A \ / 
B _( 

C ~ ^ 
V D ) 

as one can easily note, the rank of the matrix involved is for t G class (i), while it is 1 or 2 depending on 
the values of the parameters and independently from t belonging to class (ii) or class (Hi). Therefore 

dime Hg C (X t ) = 7 for tG subclasses (ii.a) and (Hi. a) 

and 

dime Hg C (Xt) = 6 for tG subclasses (ii.b) and (iii.b) . 

5- forms. Lastly, let us compute Hgg(Xt). 
It is straightforward to check that 

H 3 / c {X t ) = c(ip\ 2312 , (fil 2313 , ^ t 12323 ) for t G classes (i), (ii) and (Hi) : 

in particular, it does not depend on t G A(0,e). 
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Appendix A. Dimensions of the cohomologies of the Iwasawa manifold and of its small deformations 













H j-r> 

dR 




bi 


t*2 t*3 


b 4 


b 5 
















I3 


and 


(i), (a) 




4 


8 10 


8 


4 












O 


,0,1 

O 


,2.0 

O 


,1.1 


,0.2 

O 


■ 3.0 
h 9 

O 


,2.1 
h d 


O 


,0.3 

h d 


,3,1 






,3,2 

C 


h |,3 


I3 and (i) 


3 


2 


3 


6 


2 


1 


6 


6 


1 


2 


6 


3 


2 


3 


(ii) 


2 


2 


2 


5 


2 


1 


5 


5 


1 


2 


5 


2 


2 


2 


( Hi ) 


2 


2 


1 


5 


2 


1 


4 


4 


1 


2 


5 


1 


2 


2 


H "c 


h 10 

n BC 


h° 1 

n BC 


h 20 

n BC 


■ 1,1 

h BC 


h 0,2 
n BC 


h 3 ° 

n BC 


■ 2,1 

h BC 


,1.2 

h BC 


h 0,3 
n BC 


h 3 1 

n BC 


,2,2 

h BC 


h l,3 
n BC 


h 3 ' 2 

n BC 


h 2,3 
n BC 


I 3 and (i) 


2 


2 


3 


4 


3 


1 


6 


6 


1 


2 


8 


2 


3 


3 


(ii. a) 


2 


2 


2 


4 


2 


1 


6 


6 


1 


2 


7 


2 


3 


3 


(ii.b) 


2 


2 


2 


4 


2 


1 


6 


6 


1 


2 


6 


2 


3 


3 


( Hi. a ) 


2 


2 


1 


4 


1 


1 


6 


6 


1 


2 


7 


2 


3 


3 


( Hi. b ) 


2 


2 


1 


4 


1 


1 


6 


6 


1 


2 


6 


2 


3 


3 


H A * 


h A 


■ 0,1 

h A 


,2.0 

h A 


■ 1,1 

h A 


,0,2 

h A 


h 3 ° 
n A 


■ 2,1 

h A 


,1.2 

h A 


,0,3 
h A 


h 3 ' 1 

n A 


,2,2 

h A 


,1,3 

h A 


,3,2 

h A 


h 2,3 
n A 


I 3 and (i) 


3 


3 


2 


8 


2 


1 


6 


6 


1 


3 


4 


3 


2 


2 


(ii.a) 


3 


3 


2 


7 


2 


1 


6 


6 


1 


2 


4 


2 


2 


2 


(ii.b) 


3 


3 


2 


6 


2 


1 


6 


6 


1 


2 


4 


2 


2 


2 


(Hi. a) 


3 


3 


2 


7 


2 


1 


6 


6 


1 


1 


4 


1 


2 


2 


(iii.b) 


3 


3 


2 


6 


2 


1 


6 


6 


1 


1 


4 


1 


2 


2 
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